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ABSTRACT

It is proved that every Jensen measure of any uniform algebra is the
distinguished member of a certain system of Jensen measures. The system has
several fundamental properties common to measures that are induced from
Brownian motions by means of the stopping time.

1. Intreduction

Let A be any uniform algebra on some compact space. The maximal ideal
space of 4 is denoted by Y. We use the letter J to denote the convex cone of A-
subharmonic functions in Cy(Y), which are stable in the max-operation {cf.
[11]). The cone J defines the partial order relation < among finite positive
regular Borel measures M *(Y)on Y.

Jensen measures were defined by E. Bishop [3] in the framework of general
uniform algebra theory. He also showed the existence of nontrivial Jensen
measures. A probability measure u € M +(Y) is said to be a Jensen measure for
p €Y if it satisfies

log| f(p)| = f log| f0)lu(dy),  VfEA.

It is easy to check that a positive measure y is a Jensen measure for p, if and
only if it satisfies , < 4, where J, is the point mass at p.

We introduced in [13] the notion of consistency in the context of a uniform
algebra to define a certain subclass of Jensen measures. Each measure of that
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class was called terminal measure, which was the special member in the
following system of measures. For each point p of Y, the symbol F, denotes the
totality of compact sets in Y that contain p. A subset (Aq: GEF,) of M*(Y)
indexed by F, 1s called a consistent system (with base point p), if it satisfies

(a) each A; is a Jensen measure for p carried on G;

(b) if F C G, then Ay < Ag, i.e. Ax(k) = Ag(k) = [ k(y)Ag(dy) for all kEJ;

(c) if F C G, we have Ax(g) = A4(g) for any nonnegative function g € Cr(Y)

such that g =0on G\F.
(The above definition is slightly different in form from the original one. But the
present style is rather desirable for the purpose here.)

An arbitrary consistent system (i;: G €F,) obviously contains the dis-
tinguished measure Ay which is maximum in the system with respect to the
order <. By terminal measure we mean this unique measure Ay. For each
P €Y we denote by T, the totality of terminal measures of consistent systems
with base point p.

The notion of consistency was required to generalize probabilistic theory of
Hardy spaces in the framework of a uniform algebra. Any terminal measure
admits a certain maximal function to each nonnegative function in J. This
maximal function is the analogue of the Brownian maximal function well-
known in classical Hardy spaces. Our maximal function satisfies, together with
its original function, Doob’s maximal inequality [8], Burkholder-Gundy-
Silverstein inequalities [4] and Fefferman-Stein inequality [9] as well as other
familiar estimates. Furthermore terminal measures are fairly easy to deal with,
though their definition seems complicated: for any A and any p €Y there
always exists a consistent system with base point p whose terminal measure is
carried on the Shilov boundary of A. Also the notion of consistency applied to
general theory of compact convex sets leads us to the conclusion that any
probability measuré on a compact convex set is the terminal measure of some
consistent system, where we use the cone of continuous convex functions on
the set to define the partial order such as < (cf. [14]). There is another
important information by B. Cole concerning Riesz estimates, etc. (cf. [11]).
From these results one may guess every Jensen measure of any 4 to be the
terminal measure of a consistent system. Fortunately our conjecture is true,
which is the purpose in this paper. Here it should be noticed that the similar
conclusion cannot be expected from the totality of representing measures
because of H. Konig [12], also cf. K. Yabuta [15].

Finally the author should like to express his deep gratitude to Professor T.
W. Gamelin who gave him very affirmative suggestions on the above matter.
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2. Jensen measures of polydisk algebras

The aim in this section is to prove that every Jensen measure of polydisk
algebras A(U™) is the terminal measure of a consistent system. We start by
reconfirming stability properties of terminal measures. The following proposi-
tion is essentially the same as in [13].

PROPOSITION 2.1. Forany uniform algebra A and any pointp €Y the set T,
is weakstar compact convex in the dual of Cx(Y).

Let (A% );ex be a set of terminal measures associated with A, whose index set E
is directed upward. Suppose A% converges vaguely along E. Then its limit is the
terminal measure of a consistent system.

SKETCH OF THE PROOF. The first assertion is immediate from very defini-
tion of consistency.
Let (A; : G €F,) be a consistent system whose terminal measure is equal to
i in question. Since A} is convergent, (p;);ex also converges to some point
pEY. Applying an ultra filter  on E finer than the section filter, we put

li§n A ifpeEG’=Int G,
}'G =
dp otherwise, GEF,.

It is easily seen that 4, = lim; 1} and (4 : G €F,) is consistent.
The above observation yields that for each g € Cx(Y) the function

g)=inf{u(g):n€T,}, Vy€eY

is lower semi-continuous on Y. Clearly || £ | = || & [l.- On the other hand,
we have ¢ =< g on Y because (Ag: GEF,), Vs = J,, is consistent.

Our next task is to prove u(g) = g(y) for any u €T, and g € Cz(Y). We first
show a rough sketch of our strategy. For a fixed g there is a set
{(4,c: G EF))},ey of consistent systems with 4, y(g) = £(»). If (4, 5),ec Were
always a sweeping system in the sense of Constantinescu~Cornea [7], or
equivalently if the function A, g(h) in the variable y were Borel measurable on
G for every hE€C(Y), we could sweep each measure vEM*(Y) to get
Sev EM*(Y) satisfying

Sov(h) = f L B+ fd, A, 6(h)V(dy).

Then the sweeping (S¢i¢ : G EF,) of a consistent system (4 : G €F,) would be
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consistent and satisfy 4,(g) = Syly(g) = £(v). But in the present situation such
a property cannot be expected from (4, 5),¢. To avoid this difficulty, we apply
the ultra filter technique.

Let D denote a decomposition of Y into a finite number of pairwise disjoint
Borel sets. The totality 2 of such D forms an upper directed set in the
following order =<:

D =< D if any E €D is included in some EE€D.

We pick up and fix an ultra filter / on 2 which is finer than the section filter
associated with =. Moreover, for each nonempty element E of D € 2 we fix a
point p; of E. Let G be a nonempty compact subset of Y and let v EM *(Y). For
any D € 9 with (Y \ G° G°) = D we put, using a given set of consistent systems
{Uyo: GEFLyer,

Seo? =v|(Y\GY+ T WE)A,e

¢+EED,ECG’

It is easy to check that S; j, is a norm-preserving affine map from M*(Y) into
itself, and Sg pv is carried on G if and only if vis a measure on G. Also S pv = v
if v(G® = 0. These are still valid for the map S;:

M*(Y)2v — Sgv: = w*-lim Sg ,v.
I

LEMMA 2.2. The family (S¢: G € U, ey F,) of affine maps of M*(Y) into
itself possesses the following properties:

(1) If A, y(g) is v-integrable, we have Syv(g) = [ A, y(g)v(dy) where g € Cr(Y)
andveEM*(Y),

(2) v < Sgv for every vEM*(Y) and any nonempty compact set G C Y;

(3) ifvEM*(Y) has no mass on Y\ F® and if F C G, we have Sgv < Sgv and
Sev(g) = Sev(g) for each nonnegative g € Cx(Y) such that g | G\F=0,

(4) the sweeping (SgAg: G EF,) of any consistent system (Ag: GEF,) is
consistent.

Proofr. (1) For any strictly positive number ¢ there exists a compact set
K C Y such that 4, y(g) | K is continuous and v(Y \ K) [l £ | = ¢ by Egoroff’s
lemma. If D € 92 satisfies (K, Y \K) = D, we get
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Syov(@)= L V(EV,y(8)

¢#EED

=) V(E)A,,v(8) — €

¢*EED,ECK

> f A, r(@W(dy) — 2¢ = v(K)

X sup {sup (13,4(8) — A 1(@)] }} ).

9+ EED \zy€EE
ECK

Since the last term becomes smaller as D gets large, the above yields

Syv(g) = f hr(@Vd) =26, sothat Sp()Z [ A(evidy)

because ¢ is arbitrary. Repeating the same argument with — g in place of g, we
obtain the converse inequality, and hence

Sw@) = [ Arewd).
(2) We first notice that k(y) = A, (k) whenever k €J and y € G. Therefore

Seor)= [ kOW@)+ T AEWth)

¢+EED,ECG

z [ kow@)+ T keevE)

$#EED,ECG®

éf k(y)v(dy) - V(G")( sup {Sup {ik(z)— k(y)l}} )

¢+ EED \z,yEE
EcG®

taking the limit to get v(k) = Sgv(k), i.e. v < Sgv.
(3) Under the present situation any k €J allows

Spov(k)=" X v(EWp k)= X V(E,ek)

p+EED,ECF® p#EED,ECF°

= ) v(E )}»pE,G(k) =S¢ pv(k)

¢+EED,ECG

whenever D is large enough. This is due to the fact that v(E) = 0 with E outside
F° and A, r < A,,. Accordingly it turns out that Spv < Sgv. Furthermore if
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g € Cr(Y) is nonnegative and vanishes on G\ F, we have 4, -(g) =4, 5(g),
Vy€F. Hence

Seov(€)= X V(E)p,r(g)

¢+EED,EC

IA

T V(EWye(8) = Ss0v(8)

¢+EED,ECF

and so Spv(g) = Sev(g).

(4) Let (Ac: GEF,) be any consistent system. It follows from (2) that
J, < Ag < Sgh¢, 50 that Sgis is a Jensen measure for p carried on G. Next
suppose G € F, includes F € F,,. Here recall that condition (c) in the definition
of consistency is equivalent to saying Ay | V = Ag, where V is the relative
interior of F with respect to G. This implies

SelAr | 0F]1 = Ag | OF < Ag — Ar | F* < S5lhg — Ar | FY)
so that by the former half of (3)
Sehr = A¢ | OF + SlAr | F] < SglAg — A¢ | FO + S5[As | FO] = Sehe.

Moreover if g € Cx(Y) is nonnegative and vanishes on G\ F, we get

f g0Ady) = f g0As(dy), since Ar |0F NV <4 |0G.
oF G

From the similar reason and by (3) it follows that
SelAr | FOg) = Selar | FO)g) = SolAr | FONg) + Selhe | G° — 4 | FO)(g)
= SelAc | G°Ng).

Combining two inequalities, we conclude SpA(g)=SsAc(g). Thus
(S¢A : G EF,) is surely consistent.

PROPOSITION 2.3. Let g be any function in Cx(Y). For any p €Y and each
HET, we have u(g) = £(p).

Proor. With the aid of Proposition 2.1 there exists a family
{(A4,6: GEF,)},ey of consistent systems such that A,,(g)=2(y). Let
(S¢: GEU,cy F,) be the family of affine maps of M*(Y) into itself which is
induced from {(4,5: G €F,)},ey and the ultra filter I on 2. Then for any
consistent system (A : G € F,) with base point p, the system (Sgig: G EF,) is
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consistent by Lemma 2.2. In particular Sydy(g) = £(p) by very definition of £.
On the other hand, it follows from (1) of Lemma 2.2 that

Syly(g) = f A, y(@)As(dy) = f 20)y(dy)

since £ is lower semi-continuous. Hence we get 4,(g) = £(p).

PrOPOSITION 2.4. Let K be a nonempty A-convex compact set in Y and let
Ay be the closure in C(Y) of the restriction algebra A |K of A onto K. The
terminal measure of a consistent system associated with Ay is the terminal
measure of some consistent system with respect to A.

Proor. We first notice that the maximal ideal space of A can be identified
with K. Let (Ug),ek c k. compae DE @Dy consistent system of Ay with base point
pPEK. We show that uy is the terminal measure of some consistent system
(4 : G €EF,) with respect to A. For each G €F, call 4G = yignx. Each A is a
Jensen measure for p, which is carried on G and associated with 4. If GEF,
includes FEF,, wegetby FNKCGNK

Ap = Urnk < UGnk = Ag,

since J | K is dense in continuous Ax-subharmonic functions on K. Further-
more, if a nonnegative function g € Cx(Y) vanishes on G \ F, it also vanishes
on (G N K)\(F N K), and hence we get

Ap(8) = tr k(&) = to nx(8) = A6(8).

Thus (Ag: G €F,) is a consistent system whose terminal measure is equal to

Rynx = Bk-

Let U" be the unit open polydisk in C”. For a positive number r, rU" is the
subset (rz: z € U") of C". The polydisk algebra 4(U") is defined as the closure
in C(U") of analytic polynomials on C”. It is known, and easy to check that the
maximal ideal space of A(U") is identical with U" (cf. [10]).

LEMMA 2.5. Let C C U" be a circle which lies on some analytic line in C".
The normalized Lebesgue measure on C is the terminal measure of a consistent
system of A(U™), whose base point is the center of C.

ProOF. The linearly convex hull X of C is obviously a closed disk in U”,
which is included in the analytic line. It is easily seen that K is 4(U")-convex
and A(U") can be identified with the disk algebra 4(K). On the other hand,
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the normalized Lebesgue measure on C is the terminal measure of a consistent
system of A(K) whose base point is the center of C ([13], cf. [14]). Hence by
Proposition 2.4 we obtain the assertion.

PROPOSITION 2.6. Every Jensen measure of A(U™) is the terminal measure
of a consistent system.

Proor. We first suppose that a given Jensen measure y for p € U is carried
on (1 — r)U*", where r is a number in the interval (0, 1). Note that (1 — r)U" is
A(U™)-convex. In particular p €(1 — r)U”. Assume that u is not contained in
T,. Since T, is weakstar compact convex by Proposition 2.1, there is a function
g€ Cr(U") such that

&(p)=inf{v(g) :vET,} > u(g),

by separation theorem. Let i be a nonnegative smooth function on C” which is
carried on U" and satisfies | w(q)V(dg)=1, where V is 2n-dimensional
Lebesgue measure defined on C". For each V-integrable function 4 and any
positive number ¢ we put

h(z) = f h(z — q)e~"w(e~'q)V(dg).

Here we may suppose g and ¢ are respectively defined on C” to be identically
zero outside U”. We have then g, < g, on C" and g, — g locally uniformly on
U™ as ¢ — 0. We further require that g, is plurisubharmonic on a neighbour-
hood of (1 — r)U" for each ¢ in (0, r/2). Let C C (1 — r/2)U" be a circle with
center z, which lies on an analytic line L C C", and y be the normalized
Lebesgue measure on C. For any w of (r/2)U" it is easily seen that E —
y(E + w) on Baire sigma algebra over C — w gives the normalized Lebesgue
measure with respect to the circle C — w. Hence by Lemma 2.5 and from
Proposition 2.3 we get

f £.(a)v(dg) = f e~y (e~ 'w)V(dw) f £(q — wyy(dg)

éf gz — wle~ (e~ 'w)V(dw)

=£:(2).

Since C is arbitrary, the above implies that g, is plurisubharmonic on
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(1 —r/2)U". By Bremermann’s theorem [4] £, is uniformly approximated
on (1 — r)U" by functions in J (cf. [11]). This yields
1(g.) = (@) = &(p)-
Lettting ¢ — 0, we get
#(g)zliminf £(p) Z &(p).

The last inequality is due to the fact that £ is lower semi-continuous at p € U".
Thus we reached a contradiction:

u(g) = &(p) > u(g).

So x must belong to 7,. .
Finally an arbitrary Jensen measure 4 for a point p € U" is vaguely approxi-
mated by the measures g, on rU” defined as

()= f grayudg), VgECA(T), 0<r<l.

Since 4, is a Jensen measure for rp, we conclude by the result above and
Proposition 2.1 that u is the terminal measure of some consistent system
associated with 4(U").

The following proposition will be necessary in the next section.

PROPOSITION 2.7. Let A be any uniform algebra with the maximal ideal
space Y. If two measures p,vEM*(Y) satisfy v < pu, v is carried on the
A-convex hull in Y of the support of u. In particular measures in a consistent
system are carried on the A-convex hull of the support of their terminal measure.

PrROOF. Let K be the 4-convex hull of the support of . Assume that
v(Y\ K) > 0. There exists a compact set F C Y disjoint from K, where v has a
positive mass. Since K is A-convex, there is a function f€ 4 for any point y € F
such that

Sup {1f@)N}=1</).

This implies that J contains a function k satisfying

sup {k(z)} <0< inf {k(y)}.
yEF

ze€K
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On the other hand, by Cartier-Fell-Meyer’s theorem, there exists a de-
composition u = u, + u, of u into positive measures such that v |F < i, and
v | (Y\F) < u, ([6], cf. [1]). But this yields

0<[v|Fl(k) s m(k) =0,

a contradiction. Hence v is carried on XK.

3. Uniform algebras

We shall prove in this final section that every Jensen measure of any A is the
terminal measure of some consistent system on Y. The argument will go as
follows. Any closed subalgebra of A generated by a finite set in A can be
identified with the algebra on the compact subset K of C*, which is the image of
Y under the canonical map. Each Jensen measure u of A defines a unique
Jensen measure v on K. From the result already proven and by Arens-
Calderon lemma, we shall manufacture a certain consistent system, carried on
K, whose terminal measure is equal to v.

We first show how the fact above is used to derive our main theorem. For
any subset Q of 4 we denote by Cr[Q] the closed subalgebra of Cr(Y)
generated by constants and {Re f, Im f: f€Q}. Cx[Q]is a Banach lattice with
order unit 1.

LEMMA 3.1. Let ube a Jensen measure of A which represents the evaluation
functional at p €Y. Suppose any nonempty finite subset Q of A allows a system
(Lg.o: G EF,) of positive linear forms on Cg[Q] with norm 1 such that
(1) each Ly is carried on G, i.e. L o(8) =0 if g € Cr[Q] vanishes on G;
(2) if F C G, we have k(p) = Lg (k) = Lg o(k) for each k € Cr[Q] of the
form:

sup{c;log | f| :R3¢; 20, ,€Q};

(3) inclusion F C G implies Lry(g) = Lgo(g) for any nonnegative g€
Cr[Q] withg | G\F =0;
(4) | CalQ1 =Ly,
Then u is the terminal measure of a consistent system on Y.

Proor. The totality 2 of nonempty finite sets Q C 4 forms an upper
directed set under the set theoretic inclusion C. Let I be an ultra filter on &
finer than the section filter of C. Call
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L) =lim Lgo(g), gEQLEJg CrlQl, GEF,.

Obviously LZ uniquely extends to the positive linear form A; on Cg(Y) with
norm 1. Here recall that each function of J is uniformly approximated on Y by
functions in the form (cf. [11]):

sup{c;log | f;| : R3¢; 20, fE€EA}.

In particular functions of the form as in (2) are dense in J. This implies
together with (2) that each A; is a Jensen measure for p and that A < A; if
FcCagG.

Next, suppose g€ Cr(Y) is nonnegative and vanishes on G\ F, where
F,GEF,and F CG. Since U,ey Cx[Q] is dense in Cr(Y), there exists a
finite set Q, C 4 and a function h € Czg[Qp]such that || h — g ||, < efor a given
positive number ¢. Call

h.(y) : =sup{h(y) — ¢, 0}.
It is easy to check that
lh.—gllo<2, 0<h,<g onY and h|G\F=0.

Since Lgg(h,) = Lg o(h,.) for any Q € 2 with Q, C Q, it turns out that Ax(h,) <
Ag(h,), and hence A;:(g) =< A;(g), because ¢ is arbitrary. In a similar manner we
find that each A is carried on G. Thus (A : G €F,) is a consistent system with
base point p, whose terminal measure is equal to u by (4).

Next, we verify a condition for u to allow the system on Cz[Q] as above. Let
B be the closed subalgebra of 4 generated by a fixed Q € 2 and constants. The
letter X denotes the maximal ideal space of B. There exists the continuous map
7 of Y into X such that f(y) = f(z(y)) for all fEB and y €Y. Call

K=1Y)={t(y):yEY}.

The map 7 induces the isometric lattice isomorphism 7, between Cx[Q] and

Cr(K), which satisfies 7, g = g o 7 for any g € Cz(K). Note that 7, preserves
the functions of the form:

sup{c;log | f| : R3¢; 20, EB}.

A Jensen measure x for p €Y associated with 4 defines a unique Jensen
measure v to B which represents the evaluation functional at 7(p) € K and such
that y o r, = v. Clearly v is carried on K. -
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The following two lemmas give a criterion for u to satisfy the premise of
Lemma 3.1. We denote by F;,(K) the totality of compact sets in K that
contain 7(p).

Lemma 3.2, Suppose K carries a system (Ag: G € F,,(K)) of Jensen mea-
sures for T(p) such that

(1) each A is supported on G,

(2) if F C G, we have Ap < Ag;

(3) inclusion F C G implies Ar(g) = A¢(g) for a nonnegative g € Cx(K) with

g | G\F =0,

(4) A =v.
Then there exists a system (Lgo: G €F,) of positive linear forms on Cr[Q]
which possesses four properties in Lemma 3.1.

REMARK. If Kis an arbitrary B-convex subset of X, the above system gives
a consistent system associated with By.

ProoF. Call Ly =A,)°7, ' and we require that (Lgo: GEF,) is the
desired system. If g € Cx[Q] vanishes on G, 1, 'g is identically zero on 7(G).
Hence by (1)

L o(8) = Ayef(t4 'g) = 0.
Let k € Cx[Q] be any function of the form:
sup{c;log | ;| : R3¢; 2 0, f;E€Q}.

Note that 7, 'k takes the same form on K. Hence forany F, G EF,with F C G
we get by 7(F) C 1(G)

Te 'k(1(D)) = Aty k) = ATy k),
or equivalently
k(p)= LF,Q(k) = LG,Q(k)-

Furthermore if g € Cx[Q] is nonnegative and vanishes on G \ F, it turns out
that

Lrp(8) = Aur Ty '8) = Aue(T4 '8) = Lg o(8),

since 7, 'g vanishes on 7(G)\ 7(F).
The final property is immediate from the definition of v.

LeEMMA 3.3. Suppose that for each closed neighbourhood V of K there exists
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a consistent system (Ag v : G € Fy,)) of B such that Ay, = v. Then there exists a
system (Ag: G EF,,(K)) of Jensen measures for t(p) which satisfies four
conditions of Lemma 3.2.

ProoF. Since B is separable, there is a metric p on the maximal ideal space
X of B, which is compatible with the initial topology on X. For each positive
integer n €N and G € F,,(K) call

G,={zE€EX:dist(z, G) = l/n}, dist(z, G) = ing {p(z, w)}.
weE

Also let I be an ultra filter on N which includes the filter base
({(meN:m = n})en

Putting Ag =lim; 4G, «,, we require that (As: G EF,,(K)) is the desired
system. Since each A; x is a Jensen measure for t(p) carried on G,, the
measure A is a Jensen measure for t(p) supported on G.

Next, suppose a pair F, G € F,(,(K) satisfies F C G. It follows from F, C G,
that Ar x, < Ag, &, and hence Ar < ;. Moreover, let g € Cx(K) be nonnegative
and vanish on G\ F. We may suppose g € Cr(X). Call g, =sup{g —¢, 0},
where ¢ is any positive number. It is easily seen that the closed support of g, is
away from G \ F with distance r > 0. This implies that g, vanishes on G, \ F,
whenever n > 1/r. Specifically we get, for such an n

Arx(8) = A6,x,(8),  sothat Ax(g,) = As(g,).

This yields Ar(g) = A(g), since g, — g uniformly on K as ¢ — 0.
Finally the assumption A4 x = v yields A, =v.

In order to show that the neighbourhood ¥ above allows the system in
question, we realize B as an algebra on a compact set in C*. Let Q =
(i, - - -, f») be an arbitrary n-tuple from 4. K, is the compact subset of C”
defined by K, = {(i(»), ..., £,(#)): yEY}. We denote by B, the closure in
C(Xp) of analytic polynomials on C", where X, is the polynomially convex hull
of Ky. By is of course identical with the closed subalgebra of 4 generated by
constants and Q. For any Jensen measure u for p €Y associated with A, Ho
denotes the Jensen measure for p, € K, which is induced from  to the algebra
By,. Note that u, is carried on K. Also =, ,, (n < m)is the canonical projection
of C™ onto C", i.e.

Tam{(Zts o s Zns Znsts - oo s Zm)) = (215 . . ., Zp).
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LeEMMA 3.4. For any n-tuple Q in A, uy is the terminal measure of a
consistent system on X,,.

PrROOF. We may suppose X, C U”. Then y, is a Jensen measure of A(U").
By Proposition 2.6 there exists a consistent system (ig: G EF,) whose
terminal measure is equal to u,. Since y, is carried on K, each A is supported
on X, by Proposition 2.7.

Let N be any compact neighbourhood of Xj in U". By (¢) in the definition of
consistency we see that

Ay =4y |N'=po,  while Ay(1) = po(1)=1.

This implies Ay = y,. Hence it follows from Lemma 3.3 that there is a system
(Ag: G €F,,(X,)) which satisfies four properties in Lemma 3.2 with y,, in place
of v. As pointed out in the remark on Lemma 3.2, this system is a consistent
system associated with By, = A(U")y,, whose terminal measure is identical
with p,.

THEOREM 3.5. Let A be an arbitrary uniform algebra with the maximal
ideal space Y. Any Jensen measure u for an arbitrary point p €Y is the terminal
measure of a consistent system associated with A.

PRrROOF. Let Q be any n-tuple in 4. In view of the preparatory survey, we
have only to show that any compact neighbourhood V of K, in X, allows
a consistent system (g y: GEF,,) of By such that 4, , =u,. By Arens-
Calderon’s lemma we can pick up a (m — n)-tuple (f,+1, . - . , f,,) from A such
that 7, ,,(Xz) C V ([2], cf. [10]), where

R=(.fi’""f;l’.f;l+l7""fm) and Q=(fi’af;l)

Also by Lemma 3.4 there exists a consistent system (As: G €F,,), associated
with By, whose terminal measure is equal to ug. For any compact set G with
Do EG C Xy, call

Gr=7;3(G)N Xy and Ag{8) =16 (8°Mum | Xz), VEECa(Xp)

Since 7, |XR is a continuous map of X into ¥ C X, the measure gy is
well-defined, and is a probability measure on V.

We require that (A, : G €F,,) is a desired consistent system with respect to
B,. It follows from Vi = Xg that 4y, = sy, since (ug)g = Ho if we regard Q as
an n-tuple in By.

If g € Cr(Xp) is By-subharmonic, then g o 7, ,, | Xy is Bg-subharmonic. So
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we obtain that each A;, is a Jensen measure for py, =(pr)g, and that
Ap v < Agyif F C G. Also it is easy to check that 4 y is carried on G.

Finally if F C G, F,GEF,,, and if g€ Cr(X),) is a nonnegative function
with g | F\G =0, the function g ° 7, ,, | X vanishes on G, \ Fi. This yields

Ap8) = A (8 © Mo | Xp) = A6,(8 © Tou | Xi) = A6.(8).

Thus we conclude that (4, : G €F,) is the desired consistent system on V.
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